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Abstract

In the present paper, the effect of spataiiability of undrained shear strength on the bearing capacity of shallow strip
footing on clay was investigated and two new and sirapgleatiors were introduced for incorporating the effect of soil
variability parameters on the undrained bearing capatitrip footing on clay. For investigating the spatial variability of

clay, undrained shear strength was assumed as a spatial variable parameter with the use of random field theory. The Monte
Carlo simulation techniqgue was used to obtain the probaldigyribution of the bearing capacity of footing on
nonhomogeneous clay. The spatial variability of the undrained shear strength was investigated using three controlling
parameters: coefficient of variation (COV) of the undrained shear strength as wellsasies of fluctuation of the shear
strength in horizontal and vertical directions. The M@loulomb failure criterion and finite difference method were used

to model the plastic behaviour of soil and calculate the bearing capacity of the footingsultsesteow that by increasing

the COV of the undrained shear strength, the average bearing capacity decreases while the COV of the bearing capacity
increases. Moreover, the average bearing capacity of footing has an approximate increasing trend wiitig ithersaales

of fluctuation
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1. Introduction

The existing uncertainty in the mechanical response of soil to the algalidg originates from the spatial variation
of soil properties. This uncertainty is a wkilown problematic issue for the accurate design ofretaked structures.
The random field theory (RFT) is an ordinary tool for applying the spatial variatieilef[1-5]. This theory has been
utilized for formulating spatial variability of soil in geotechnical engineering problEstgnating the bearing capacity
of footings on heterogeneous clay soil is a geotechnical problewhich consideration of spatiaariability of
underlying clay layers has an important effect on the results. Although the effect of spatial variability has been
investigated on the bearing capacity of clay layers in some previous studl®} fbere has been no study that
comprehensiely considered the effect of spatial variability parameters on the bearing capacity of footings on clay.

Griffiths and Fenton (2001) investigated the bearing capacity of smooth footings on clay by considering the spatial
variability of undrained shearrsngth. They implemented the finite element method with Tresca yield criteria to
calculate the bearing capacity of smooth footings. In their study, the logarithmic normal distribution was used for shear
strength distribution in the random field. They udlkd coefficient of variation (COV) of undrained shear strength
(COV(cy)) and the ratio of the scale of fluctuation to the width of footéhg, (/B) to study the effect of spatial variability
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of clay on the bearing capacity of footings. Thieyplemented the Monte Carlo simulation (MCS) to obtain a
probabilistic distribution. In their study, scales of fluctuati®n [ ) yere assumed to be equal in horizontal and vertical
directions. However, in their study, the scales of fluctuation iizbntal and vertical directions were not investigated

as two distinct and independent parameters. They concluded that the average bearing capacity from the MCS constantly
decreased with the increase of C@Y{( moreover, by growing of thed(,, ./B) ratio, the bearing capacity of footing
decreased when this ratio was lower than unity but increased when the ratio exceeded unity [10]. Griffiths et al. (2002)
investigated the effect of spatial variability of soil undrained shear strength on the loeguéwity of rough footings.

They used the same parameters as Griffitits Fenton (2001) to investigate the effect of spatial variation of soil on the
bearing capacity of clay. They concluded that the effect of spatial variability of soil on the begaegycaf rough

footings was the same as that on smooth footings Jathshidi Chenari and Mahigir (2014) investigated the effect of
spatial variability and anisotropy of soil on the bearing capacity of shallow strip footings. In their study, the finite
difference method (FDM) was implemented for calculating the bearing capacity, andQdolomb failure criteria

were utilized to consider the mechanical response of soil to loadings. Similar to GaiffitHsenton (2001), they used
log-normal distributiorto consider the spatial variability of soil undrained shear strength. dikeydid not investigate

the effect of scales of fluctuation on the bearing capacity of footings in horizontal and vertical directions separately.
Theyused two parameters (i.e., %a,) and the ratio of scale of fluctuationxrandy directions ¢,./6,) to study the

effect of spatial variability of the shear strength parameter on the bearing capacity. Like previous studies, the reduction
in the average bearing capacity with therease in Cow() was concluded. In addition, the average bearing capacity

was observed to increase by the growth of thgd),) ratio [17]. As indicated, there has been no study to examine
comprehensivelyhe effect of spatial variability paramet&specially the scales of fluctuatiép andé,, on the bearing

capacity of footings on heterogeneous clay soils. Therefore, in this research, a parametric study is carried out to assess
the effect of changing, and, values on the bearing capacity of strip footings located on purely cohesive clay. For
calculating the bearing capacity, the FDM with the MGmulomb failure criteria is implemented using FLAC 7.0 [21].

Three parameters of Cayj 6, /B.6,/B (in which B is the footing width) with proper ranges are investigated in a
parametric study and subsequently, the effect of changes in these parameters is assessed on the bearing capacity.
Ultimately, two new and simplequatiors are proposed to estimate the agerbearing capacity and scattering of the

results from average by using multiple regression analysis (MRA)[22]. Hugs#ios can be used easily to consider

soil spatial variability in the design of strip footings on nonhomogeneous clay.

2. Spatial Variation of Soill

One of the major characteristics of geological conditions of a site is depicted in soil deposits available in the site. Soil
layers are largely formed due to gradual weathering as well as due to the erosion of rocks and sedimentation of solid
earth materials. Soil deposits except residuasaod transported from the origin to the current position and are subjected
to pore pressure variations, physical changes and/or chemical reactions; hence, variation in soil properties from one
location b another is naturah the field. Variation of soil properties in the field is called spatial variation of soll
properties and it is an important issue in the analysis and design-oélatéldstructureg8].

In engineering problems, modelling of spatvariations of geotechnical properties has commonly been performed
using the RFT. In the RFT, soil properties are assumed as correlated random numbers and subsequently, the distribution
of soil properties irthe field is modelled. Figure &chematicallydepicts spatial variation of soil properties using the
RFT. In this figure, soil variations are assumed to occur in two perpendicular directioxsaigy,directions), and the
values of soil properties fluctuate from the average regarding the chistacteof the assumed distribution and
autocorrelation function.
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Figure 1. The schematic view of distribution of soil parameters by applying the random field theory
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In this research, is assumed that the soil undrained shear strasgtistributed in the field using the RFT. Since the
variatiors related to the bearing capacity of the undrained shear strenigtvestigated, to present the results of the
current study, the undrained shear strength coeffi¢)tin classical bearingapacityequatiorsis choseri22]. Nc can
be calculated using:

N. = Z_u (1)

Whereq, is the ultimate bearing capacity of the shallow strip footingatislthe undrained shear strength of clay.

Since the average shear strength of @dassumed as a constant value, theeelinear relationship betweé and
the bearing capacity of clay. Thus this studyt wo ter ms of “bearing capacity” a
classical bearing capacigguationNc) areassumed equivant and used interchangeabhs the shear strength of clay
is always a positive value, in this research, lognormal distribigieaasumed to generate a random field. Moreover, as
noted, sincé\c is used to present the results of the current study, thewvalic, do not affect the results; thus, for log
normal distribution, the average undrained shear strésgissumedo be aconstant value. Subsequently, to consider
the scatter in the parameters, the COV, which is adiimensional ratiois chosen instead of the standard deviatin (
This ratio is:

C O~ 7 2
. @
Whereu ando are the average and standard deviation of the distribution.

Spatial autocorrelation between the shear strength values in the field is another characteristic of spatial variability that
mustbe regardedh orderto generate a random field. As is obvious in realistic field problems, two locations that are
near eachther are more probable to have closer shear strength values. In other words, shear strength values have greater
correlation in two locations that are close to each other. The correlation between shear strength values for two points in
the field is assumedo be just within autocorrelation length (or scale of fluctuation). Scale of fluctuation or
autocorrelation length is a distance within which shear strength values correlate with each other; when the distance of
two points in the space exceeds autocotimdength, the correlation diminishes between shear strength values of the
two points.

In the presenstudy, the correlation for the shear strength vaisiassumed in botk andy directions; thus, for this
purpose, the Markovian spatial correlationdtion which is presented tquation3 is implemented. This correlation
function has been commonly used in geotechnical engineering pradl2ms

b e x(p2 (f_x)ﬂ(iy)z) 3)

0, 0,

In this equation 6, andé,, are scales of fluctuation in horizontal and vertical directions; moreoyendt, are
matrices for lag distancesxrandy directions. As the shear strength hasmagmal distribution, In§,) canbe calculated
using the followingequation

1 @)= Lety (4)
Wherey,; , 4 iS the average of In(), € is a Gaussian vector (with zero mean and unit variance)l éada lower
triangular matrix, which can be computed using the follovdqgation
T=L1IT ©)
whereT is covariance matrix; this matrix can be calculated using a given covariance function. In this study, the isotropic
covariance function dequation6 is implemented.

2
T = leuue x(p2 (;—z)z + (%) ) (6)

In thisequationa, ,, is the standard deviation of tf; other parameters of thégjuationare introduced icquation
3.

3. Numerical Modelling

3.1.Modelling Configurations and Solution Algorithm

As noted, for computation of the bearing capacity, the FDM is implemeisiad FLAC7.0. Geometry, boundary
conditions of the modelling, as well as the finite difference grid, which is used for computation of the bearing capacity,
are illustrated in Figure 2. As shown in this figure, the distances of the vertical boundari¢sdrfmoting edges are
4.5B and the vertical distance between the bottom boundary and footinB.iJiése distances are chosen so that the
boundary conditions do not affect the obtained numerical results. For consideration of geostatic stress dgonditions

95



Civil Engineering Journal Vol. 5, No. 1 January2019

practical field problems, the displacements of the vertical boundaries are fixed in the horizontal direction, while
displacements of the bottom boundary are fixed in both the horizontal and vertical directions. The footing is considered
rigid and perfetty rough. This is done by restraining vertical and lateral movements of nodes beneath the footing and
applying stegby-step vertical displacements to the nodes under the footing. As is sh&igniie 2 the finite difference

grid is divided into 50 elemésiin both horizontal and vertical directions thus the grid consists of 2500 square elements
and 2601 grid points.
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Figure 2. The geometry and boundary conditions and grid for the numerical model

Figure 3shows the flowchart ahe stepsusedfor the numeical modelling in this study. For consideration of spatial
variation of the undrained shear strength, initial values used for the studied parametebe inserted into the
modelling codeAfterwards by considering the lognormal distribution, corraatiunctionand values for the COV of
the shear strength, the matisxcalculated for the shear strength values of the grid. Finally, by applyindpgisep
vertical displacements to the nodes under the footing as well as by monitoring vertical nodal forces and plotting a stress
displacement graph, failure load, whichhe tultimate bearing capacity of the footimgll be determined.

A schematic graph for average vertical stress versus vertical displacement of the nodes under the footing is illustrated
in Figure 4. Since the constitutive model that is used to study ¢ledanical behavior of soil to the loading is elastic
perfectly plastic MomCoulomb, the plot comprised of two distinct parts (i.e. elastic and plastic). When the shape of the
load-displacement curve switches from a declined curve to a horizontal linesléwant vertical load in this step will
be recorded as the ultimate bearing capacily (i this stage, a failure zone forms under the footing. In the failure zone,
the points are in the plastic state. Figure 3 represents a typical example of &aikitender the footing from the analyses
of the current study. In this figure, the red stars and green crosses show the grid elements where are in elastic and plastic
states respectively.

The stepdrom the generation of shear strength matrix to calculasfdvearing capacitghould be repeated until a
proper statistical populatias obtained. This statistical populati@employed to establish a probabilistic distribution.
Subsequently, the averaged COV of thaistributionwill be calculated.
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Figure 3. The flowchart of determination of the bearing capacity of foundation on clay by consideration of spatial
variability of the shear strength
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Figure 5. Failure zone formedunder footing at the bearing capacity of soll

4. Verification of the Results

For primary verification of the results of the current study, one model is located on homogeneoustolaglsoilate
the bearing capacity of the shallow strip footing andréseilt of this analysis is compared with the results of classical
bearing capacity formulations (i.e., Terzaghi, Hansen and Meyetnadtios) [23]. As is known, the effect of
parameters such as elastic modulus, Poisson ratio, soil unit weight and feiotingB) are negligible in determining
the undrained bearing capacity of the shallow strip footing resting on cohesive clay. For cohesive clay in undrained state,
the friction angle is zero; however, for convergence requirements of numerical anatydigtitn angle is given a
small value close to zero. The constant parameters used in the analyses are listed in Table 1[24]

Table 1. The constant parameters used in this research

Parameter Numerical Value
Average Undrained Shear 10
Strength(KN/m)
Foundation Width(m) 2
Unit Weight(KN/n) 17
Elasticity Modulus 300c¢,
Poisson Ratio 0.49
Friction Angle() Close to zero

In Table 2 the resuk obtained from the current studye compared with the results of common classical bearing
capacity formulations. fis observed that the numerical results of the current sitglgqual to classicaquatiors.

Table 2. Verification of Nc values of the current study for footing on homogeneauclay

Bearing Capacity Equation Nc
Terzaghi 5.7

Hansen 51
Meyerhof 5.1

Current Study 5.1

3.2.The Parametric Study

As indicated earliemi this study, the CO¥f the undrained shear strehd@ O ¥,) = o, /1. IS used to represent
thelevelof scatteiin theundrainedshear strength. The inspected parameters in the current parametraret@@y (cy),
0, andé,. Reasonable rangaseselected for these three parameters so that the results obtained from the current study
canbe generalized to any empirical field conditions aadbe used irthe design of strip footings located on the clay
layers with the specifiedlegree of variability. Since the scales of fluctuation of soil act with respect to the footing width,
the nondimensional ratios of, /B and6,, /B areusedin the parametric study.

The studied parameters and their numenadlies are presented in Table 3
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Table 3. The parameters under investigation and their numerical values

Parameters Numerical Values
coy 0,0.2,..,1
6./B 05,1,2,3
0,/B 05,1,2,3

For illustrating the effect of the scales of fluctuation on the shear strength contours of the model, taiesheas
for the shear strength contours with differéptB and®é,, /B ratios (Figures). In these figures, ratios 6f/B and#@, /B
arechosen to be equal and the C@Y (s constant (COM)=0.8). It should be noted that the parameters are assumed
in order to show the spatial variability of shear strengthbeteer way.

AN T *
_ 2

,’ ‘ ‘l.l.’ . "
S > . o

() (b)
Figure 6. The shear strength contours for the model for Coe()=0.8 and equal scale of fluctuation in x
and y directions a) 0.2, b) 0.8

For choosing the optimum number obfyses so that the average of the resgfsroximately converges to a constant
value, a specifiedase of the bearing capacity problsrimvestigated. The properties for the spatial variation parameters
of the shear strength inighproblem are listed iable 4 In this model, the MC$® performed with 1000 analyses; after
each analysis, the averagfestatistical population and its CQAfecalculated. Then, these valuaeplotted againstie
number of analyses. Figures 7 anmh@cate the variations of the averdgeand its COWith increasing the number
of analyses in the MCS.

Table 4. The parameters and their numerical values in the analysis

Parameters Numerical Value
M, (Kpa) 10
Cov(c,) 0.6
6,/B 1
6,/B 1
3.8
3.7
%) 3.6 ’ 9
£
g 35
o
g 34
3.3
3.2
0 100 200 300 400 500 600 700 800 900 1000
Number of Analyses

Figure 7. Variation of the averageNc with increasing the number of analyses in the MCS
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Figure 8. Variation of the COV of Nc with increasing the number of analyses in the MCS

It can be interpreted from Figures 7 anth8t after 400 analyses in the MCS, the average statistical population and
its COVapproximately convergeo a constant value. This number of analysesbe considereas theadequat@umber
of analyses in the MCS for the current study. However, teesehhe results with highelegree of confidencén the
current study, thetandarchumber of analyses in the M@sSset to be 500.

5. Results

By performing the MCS with 500 analyses for each group of parameters, the probability density functiona@DFs)
plotted. Figured shows the PDFs for CO¥(=0, 0.2, ..., 1. In thisfigure, the values of,/B and6, /B areassumed
to be constantd/B = 0, /B = 0, /B=1.0). It is observed that with the increase in CQY( the belshaped PDFs
bemme widerand also the peak values of the PDFs tend to smaller quantities. From this observation, it can be interpreted
that by growing the CO\Y(), the average valued Nc (Average{c)) reducewhile the variance or scatter M values
grow larger; therefore, byncreasing the CO\(), the degree of confidena@e the Averagdylc) decrease

200 e Cov= 0
=@ <Cov=0.2
180
Cov=0.4
160
—h — Cov=0.6
140 cesee Cov=0.8 N
5 120 —e—Cov=1 /
o
100
80
60
40
20
0

Figure 9. Probability density functions of Nc for different COV values

5.1.Effect of Scales of Fluctuation

In Figures 10 and 11, the variations A¥erage (c) are drawn vsCov(c,) for different ratios ofé, /B andé, /B
respectively. As expected in all of the curvAserage Nc) decrease with the increase in Gny(In Figure 10, it is
observed that whefi, /B is constant, the rate of reductionfferage Nc) with the increase in Cogy) is higher when
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0, /B ratios are lower. This trend is seen in all of the curveBigiire 10. However, théverage (c) values are
approximately the same &),/B = 2 andé, /B = 3. In Figure 11, in spite of some exceptiothg Average (c) decreases

at a higher rate whefy/B ratios are higher; this ihe same trend as Figure 10. By observing thigéigures 10 and 11,

it can also be interpreted that by the increasg, ji® andé,,/B , the maximum reduction in the Averatyef values
increases. Therefore the lowest valudweérage Nc) is 3.4 that occurs whely/B andé,. /B are 3. Thus, the maximum
reduction in undrained bearing capacity due to spatial variation of shear stremyihected to be 33.3 percent.
Considering this amount of reduction in the bearing capacity studies can be very effective in the safe design of strip
footings resting on heterogeneous clay layers.
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Figure 10. Variations of Averagelc) vs. variations of Cov¢u) in different 6y/B curves
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Figure 11. Variations of Averagelc) vs. variations of Cov¢u) in different 6x/B curves

In Figures 12 and 13, the results are drawn in a different form in order to closely ithepeffect of variations in the
scales of fluctuation ix andy directions. InFigure 12 and 13 Averagd() curves are plotted v8,/B and@, /B
respectively fordifferent COVE.) values.In Figure 12, it is observed that whef, /B is constant §,/B = 1), by
growing 6, /B values from zero, a small decline in Averagg(first occus when#é,. /B is lower than unity; however,
when the values dl,/B exceed unity, AveragBlc) gradually grow larger with the increasefigyB . In Figure 1,
6,/B is set to be constant and equal to unéty/B = 1). Itis observed that whefy, /B is constant, the general treied
the increase in Averagi€) by growingé, /B . This growing trend augmesin higher COV¢.).
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Figure 12. Variation of the Average (Nc) vs. variation of the8,/B ratio (8,,/B = 1)
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Figure 13. Variation of the Average (Nc) vs. variation of the@,/B ratio (8,/B = 1)

In Figurel4, the results from the current reseaacacompared with the results of Griffiths et al. (200Since scales

of fluctuationin bothx andy directionsareassumed to be equal in the study by Griffiths et al. (2002), in this figure, the
60 parameter whicks equal tod, andé,, is used ¢ = 6,=6,,). By observing the resulting charts, it can be interpreted that

the general trend in the results of current study is similar to that in former researches.
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4.5
4.3
4.1
3.9
3.7
3.5
3.3
3.1
2.9
2.7
25

- = = Griffiths et. al (2002)
Current Study

0.5 1 15 2

0/B

25

Figure 14. Comparison of results of the current study with the results of Griffith et al(2002) (Cov€u)=1)
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5.2.Multiple Regression Analysis

In this study, MRAis implemented to obtain a simpguationto calculate AveragéNc) and COV{\c). Equation7 is
proposed for computation of Averaféc). The relevant factors for thesjuationrandthe Pearson correlation coefficient
(R) are listed in Table 5.

Aver @gealx(6,/B)+blx(0,/B)y+cl1xC og,)+dl )

Table 5. The numerical \alues for the coefficients irequation (7)

Coefficient Value
al 0.04666596
b1l -0.013142876
cl -1.430991893
di 5.075644975
R 0.99

As shown in Table gheR-value is 0.99 foEquation7. This value indicatgthe high linear correlation of numerical
results with the results from the proposepliation

In Figure 15 the predicted values féwverage(Nc) areplotted versus Averagé@c) from numerical moellings and
in Figure 16 residuals of the results Bfjuation7 from numerical valuearepresented in percent.itobserved that the
maximum error ofEquation7 is £8 in percent. This amourdf error is reliable considering the applied statistical
procedures, estimations in numerical models and existing uncertainties in shear strength estimations for experimental
field problems.

Predicted Values of Average(NC)

3.2 3.7 4.2 4.7 5.2
Average(NC)

Figure 15. The predicted values for average &vs. average N from numerical modelling
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Figure 16. Residuals for the predicted average &lvalues and average Nvalues from numerical modelling
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For computation of the existing uncertainty in Averagg( with the knowledge of the spatial variability parameters
(i.e.,COV(cu), 6,/B andb, /B ), Eq. (8)is proposed. The values for relevant unknown factors iretpigationrandR-
value ardisted in Table 6

C o@,) =a2x (6;/B)+b2x (6,/B) +c2xC o(w,)+d2 ®)

Table 6. The numerical values for thecoefficients in Eq. 8

Coefficient Value
a2 0.044315985
b2 0.028627308
c2 0.432901177
d2 -0.078440695
R 0.96

The graph for the values predicted fré&guation8 for CovNc) versus numerical results is plotted in Figaié
Figure 18 shows the deviations of the predicted values uBpgation8 with the numerical results. i$ observed that
the errorsof this equationgrow when COWKc) is lower, especially when COW) is close to zero. Therefore, when
COV(Nc) is trivial, the erros of the Equation8 grow beyond expectations. However, by considering Figliresd18,
it can be deduced thEfjuation8 presents reasonable results with tolerable errors when Q¥ petween 0.2 and 1

It is obvious that when COW) is higher, thescatter in the predicted Averade] from numerical models becomes
larger; hence, the design of the footing must be performed using more conservative values of My)eragether
words, when the COWc) grows larger, the designer must use higher sdétipr for design of strip footings on
nonhomogeneous clays.
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Figure 17. The predicted values for the COVKNc) vs. the COV(Nc ) from numerical modelling
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Figure 18. Residuals for the predictedCOV(Nc) values and values of th€OV(Nc ) from numerical modelling
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6. Conclusion

In this study, the effect of spatial variability of the undrained shear strength was investigated on the bearing capacity
of shallow strip footings. Numerical modelling was performed using the FDM to compute the bearing caphtity
take into account the spatial variability of the undrained shear strength, the random field theory was implemented. The
MCS was utilized to generate a distribution from the calculated bearing capacity from numerical models. The mean and
COV of the generated distribution were used to assess the effect of spatial variability of the undrained shear strength on
the bearing capacity of footings on clays.

The predominant trend in the results was the reduction of the average bearing capacity whemtieeofdhia shear
strength increased. By growing the variability of the shear strength in the field, the uncertainty in the calculated average
results increases. Thus, more conservatism must be considered when the spatial variation in the field itereases. T
maximum reduction of undrained bearing capacity by regarding spatial variability of undrained shear strength was
observed to be 33.3 percent; thus, the spatial variability of heterogeneous clay could have significant effect on the safe
design of footing. Despite the existence of some exceptions, the general trend which was observed in the results is the
growing of undrained bearing capacity by the increase in the scales of fluctuation in both x and y directions. Finally,
two simpleequatiols were proposd to consider the spatial variability of the shear strength on the bearing capacity of
footing on clay layers.
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