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Abstract

Fine-grained compressible soils are usually associated with strength challenges in the course of carrying structures,
roadways, embankments, and other civil engineering facilities. In addition, due to their low permeabilities, compressible
soils take an awfully long duration to achieve optimal consolidation, with its attendant negative effects on the facilities
supported by the soils. Engineering practitioners and researchers have established the efficacy of vertical drains for
accelerating the consolidation process of such soils through the shortening of horizontal flow distances, thereby stabilizing
them and improving their load-bearing capacities. Application of the pre-loading surcharge provides additional drive for
rapid consolidation. The case of soils carrying time-dependent loading is quite topical because it reflects reality most
appropriately. However, a rigorous analysis of soils undergoing vertical and radial consolidation with a constant or time-
varying surcharge is conspicuously lacking in the literature because most authors of publications in this subject area have
largely based their solution procedure on the assumed decoupling of the vertical and radial flows by treating their associated
pore pressures as separate. This assumption, notwithstanding the simplification it introduces into the mathematics of the
problem, is not supported by physics. Therefore, the theory presented herein aims at addressing that gap in the literature.
Throughout this analysis, the coupled (vertical and radial) flow, driven by a common pore water pressure, is handled as a
single process. Successive applications of the integral transformations of Laplace and finite Hankel have been used to obtain
an explicit expression for the image of the pore water pressure as a function of the transformation parameters. This is
followed by successive inversions of the integral transforms, leading to a closed-form solution in the sense of a generalized
Fourier series. The classical definition of the average degree of consolidation is easily applied in this case, unlike other
methods in the literature that rely on the principle of superposition, whose applicability in this circumstance remains
questionable. The validity of the present analysis has been established through logical checks and comparison with previous
results in the literature. This theory has been proven to be applicable to cases of constant as well as time-varying surcharges.
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1. Introduction

Fine-grained compressible soils are usually associated with strength challenges, in the course of supporting
structures, roadways, embankments and other civil engineering facilities. In addition, such soils, when loaded in their
natural states would normally undergo very slow consolidation process (sometimes running up to twenty years) due to
low permeabilities of clays [1]. After such a long period, problems associated with consolidation including settlement
cracks in engineering structures, and failures in roads and airfields become noticeable and sometimes difficult to correct.
For over decades, researchers and practitioners in the field of geotechnical engineering have invested intellectual
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resources in addressing these challenges, especially in devising practical ways of stabilizing such soils in order to
improve their load carrying characteristics and other engineering properties The use of vertical drains to accelerate soil
consolidation process has proved to be a most outstanding solution as regards improvement of the engineering properties
of compressive soils [2, 3].

Further improvement on this approach is the introduction of a pre-loading surcharge, that is, the provision of external
loading on the soil to act as a facilitator for the consolidation process. A variant of this model is to consider the surcharge
loading as time-dependent [4]. This time-dependent surcharge model is indeed closer to reality than the so-called
instantaneous loading in the sense that it captures the load build-up phase due to construction culminating in the ultimate
load level in cases where the actual structure serves as the consolidating surcharge. Consistent with the practice of
engineering, analytical devices became necessary to be developed for accurate evaluation of the degree of consolidation
and other relevant parameters for soils undergoing both vertical and radial consolidation under time-dependent
surcharge.

Perhaps, Barron [5] is the most prominent among the pioneer works on the analysis of consolidation of soils with
the use of vertical sand drains. Barron’s analytical model rests on the hypothesis that the associated vertical strain
consists of the “free vertical strain" and the “equal vertical strain". The former assumes that the surface load is uniformly
distributed and that the differential settlements over the domain of influence of each well, as consolidation progresses,
have no effect on the distribution of stresses due to the arching of the fill. The latter assumes that horizontal sections
remain horizontal throughout the process of consolidation [2, 6]. Arguably, the equal vertical strain hypothesis may have
some accuracy advantage over the free vertical strain. However, the complications encountered in the application of the
equal vertical strain approach may have given rise to the preference of choice in favour of the free vertical strain
hypothesis [3]. The present consideration shall therefore be based on the free vertical strain hypothesis.

Presently, the literature on the subject of vertical and radial soil consolidation with constant or time-varying
surcharge relies on the concept that the pore water pressure that drives the consolidation process has two components,
namely: (a) the pore water pressure responsible for the radial flow and (b) the pore pressure for the vertical flow. On the
strength of this separation, Carrillo [7] proposed that the average degree of consolidation for the soil should be obtained
through the superposition of the separate degrees of consolidation associated with the radial and vertical flows. Olson
[8] subsequently applied the Carrillo [7] approach in solving the consolidation problem of a soil with vertical drain under
a ramp surcharge on the basis of equal strain assumption. A number of researchers have made presentations on vertical
and radial consolidation with average degrees of consolidation computed on the Carrillo model [1, 9-11]. However,
other researchers have advanced reasons for considering Carrillo's concept as inaccurate, with respect to the evaluation
of the degree of consolidation as regards time-dependent surcharge on the soil [12-15]. Notwithstanding, the literature
still lacks proven analytical tools for obtaining better results than the Carrillo approach [7].

It is the considered opinion of the author of this presentation that separating the radial flow pore pressure from that
of the vertical flow, akin to decoupling of the flows, as proposed by Carrillo [7] lacks justification in physics. Therefore,
development of a rigorous theory, capable of determining the single pore water pressure responsible for both flows, in
their coupled configuration, is still a compelling necessity. Consequently, this presentation aims at solving the governing
differential equation for the coupled radial and vertical flows as a single process, for the purpose of addressing the
identified gap in the literature. Achievement of this aim rests upon successive applications of the Laplace, and finite
Hankel transformations yielding the image of the dependent variable (the single pore water pressure for both flows) as
a function of the integral transform parameters. Subsequent inversion of the transformations leads to a closed-form
solution for the pore water pressure as a function of space and time, in the form of generalised Fourier series. The
average degree of consolidation of the soil is obtained directly, without any form of superposition. The method advanced
in this presentation has been subjected to certain validation checks, including recovery of the Terzaghi one-dimensional
consolidation solution. A numerical illustration of the method in this presentation yielded results that compared very
well with results from previous works reported by other researchers [16].

Indeed, the presentation made herein can easily be simplified to handle one-dimensional soil consolidation under
time-dependent surcharge. It is pertinent to note that most of the earlier works in the research area of consolidation
assumed instantaneous application of the loading on the soil undergoing consolidation [17]. While this assumption
largely simplifies the problem of analysing the consolidation process, it fails to give a reliable representation of the
practical field situation. To address this observation, Terzaghi [6] put forward an argument that it was necessary to
account for the time-dependence in the build-up of the loading during the construction period, a situation that
necessitated Terzaghi's introduction of some correction in the time-settlement curve under instantaneous loading for his
one-dimensional consolidation theory [7]. However, Terzaghi’s correction is based on empirical rather than analytical
foundation. A number of researchers have attempted to incorporate the time-dependence of the loading process in
solving the consolidation problem. As the awareness that consolidation process under instantaneous loading has inherent
inaccuracies grows, researchers have started paying greater attention to time-variation in the loading of soils for both
one-dimensional and three-dimensional consolidation processes [6, 8, 12-14, 18, 19].
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It is worthy of note that results of various numerical and experimental methods on the characterisation of soils
undergoing vertical and radial consolidation, with constant or time-varying surcharge, have been reported in the
literature [20-24]. However, a rigorous theory to benchmark the accuracy of those results is so far lacking. The
presentation by this author will serve to define the accuracy levels of such publications and future ones.

Against the backdrop of the foregoing facts, it is easily seen that the strength of this presentation lies in the fact that
it has chosen a completely different route in solving the partial differential equation for the vertical and radial
consolidation process. The selected route, as captured pictorially in Figure 1, has the following as its major features.

e Presentation of a rigorous analytical methodology for solving the problem of combined vertical and radial
consolidation of soils under time-dependent loading as a single process without decoupling the vertical and radial
flows;

e The development of a solution procedure that yields analytical (closed-form) expression for the excess pore
pressure, in the sense of generalized double Fourier series; and

¢ Notwithstanding the single ramp-loading surcharge used in this presentation, application of successive integral
transforms (Laplace and Finite Hankel) is sufficiently versatile to handle other time-dependent load models.

Problem Formulation
(i) Underlying Assumptions
(if) Basic Continuity Equation

v

Derivation of the governing differential

v

Initial and Boundary Value Conditions

v

Problem Analysis and Solution Methodology

v

Which phase of
the problem is

|

Loading phase

}

Post loading phase

(Inhomogeneous differential equation) (Homogeneous differential equation)
Successive application of Laplace (with initial Successive application of Laplace (with initial
condition) in absolute time scale and Finite Hankel condition) in relative time scale and Finite Hankel
(with boundary condition) (with boundary condition)

Obtaining the image of the dependent variable as a function of integral transform
v
Inversion of the transformations: first, Laplace and followed by Finite Hankel
v v
Final solution in terms of infinite series Final solution in terms of infinite series
(Equation 32) (Equation 49)

v v

Compute average degree of consolidation under Time-Dependent Surcharge (Equation 55)

v

Applications of validation check
Case 1: Vertical & radial drainage under instantaneous loading t, = 0
Case 2: Vertical consolidation for instantaneous loading only
Case 3: Average degree of consolidation by radial drainage only

Figure 1. Methodology flowchart
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2. Problem Formulation

This presentation is based on the following assumptions, which are consistent with Barron's and indeed Terzaghi's
principles in founding the consolidation theory.

o The soil under investigation is fully saturated.
¢ Both the water and the soil particles have negligible compressibility.
e Darcy's law holds.

o All compressive strains within the soil mass are small and they occur in the vertical direction only, implying that
compression is confined and shear strains are ignored.

o The field of influence of each well is a circular cylinder, see Figure 2 below.

The loading on the surface is uniformly distributed.

The coefficient of compressibility is constant throughout the consolidation process.

Barron's free vertical strain hypothesis is valid.

The consolidating soil has pervious top and impervious bottom.

Smear effects and other resistances on the consolidation process are ignored

Figure 2. A typical drainage well

Now, in line with the derivations made by Leo [16], the consolidation process takes off from the following equation
of continuity:

ﬁ(azu 16u) kyd2u _ 9&

sl e ) e e @

where k,. and k,, are the radial and vertical permeabilities respectively, y,, is the unit weight of water, u is the excess
pore water pressure, r and z are the spatial coordinates, and t is the temporal coordinate, , &€, is the compressive strain
(which is in the vertical direction) and is given by:

&, =myo, (2)
where my is the coefficient of volume compressibility and o, is the effective stress in the z-direction. Furthermore,

o,=q(t)—u 3

q(t) being the total pressure, which in this case is the surcharge. Substituting from Equation 3 into Equation 2, we
easily obtain

&, =my{q(t) —u} (4)

It follows from Equations 1 and 4 therefore that:
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L(az_” la_”) kv 0%w _ _0q , du (5)
myyw \0r2 1 or myyw 0z2 ot at

Equation 5 can be re-arranged to read as follows:

0%u . 10u 9%u  ou aq
C, —

o i) Yo T T o ©)

where C, = ) and C, = “v_) are the consolidation coefficients in the radial and vertical coordinate directions,
i myyw myYw
respectively.

2.1. Initial and Boundary Conditions

Though various loading models exist in the literature for different practical situations, a single ramp loading is
adopted in this presentation. This model considers that the loading, q(t), starts from zero level initially, and increases
linearly with respect to time during the construction stage to its ultimate value, q,, at some time t, (known as the
construction duration) and remains constant beyond the construction duration. This is contrary to the uniformly
distributed q(t) proposed by Geng & Yu [25]. Thus, q(t) is expressed as follows:

Initial Conditions
q(t) =qt—°t, foro<t<tyandq(t) =qq forty <t <o )
0

The ramp loading surcharge given in Equation 7 is graphically depicted in Figure 3. Hence;

a a
-2 foro<t<tyand==0fort>0 (8)
at ¢t 0 at
0
A
[y
<
S
2
é’) Qo[- ;
S .
S 1
': 1
Q
& 1
3 I
7 !
]
1
.
t, time,t

Figure 3. Ramp loading surcharge

By the implication of Equations 8, Equation 6 can be solved in two phases, namely the loading phase and the post-
loading phase.

Boundary Conditions
In both cases, the boundary conditions are as follows.
¢ Due to the fact that the top is pervious and the bottom is impervious,
u(r,0,t) = % =0 9)
o As a result of the excess pore water pressure at the drain well surface being zero,

u(a; z;t) =0 (10)

e Due to symmetry, no flow occurs across the external boundary of the well. Hence,

ou(b,z,t) _

220 = (11)

In addition, for the loading phase problem, the initial excess pore water pressure is zero, that is,

u(r;z,0) =0 (12)
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3. Problem Analysis and Solution
3.1. The Loading Phase Problem

The loading phase problem consists of the partial differential Equation 6 with the first of Equations 8, the boundary
conditions given by Equations 9 to 11, and the initial condition expressed in Equation 12. The loading phase problem
can be solved as follows:

First, the Laplace transformation of both sides of Equation 6 can be carried out to obtain the following equation:
arz ' ror 9z2 ' s

2 - 24
¢ (S+18)+c, 5+ =su (13)

In Equation 13 above, Q = q"/to; s is the Laplace parameter and & = fo°° e Stu(r; z; t) dt is the Laplace image of
u(r,z,t).

Second, carrying out the Finite Hankel Transformation of both sides of Equation 13 yields the following:

0%% 2= Q0 =
C,,ﬁ—(]rfiu+; =su (14)
where, @l = f;r(%+%g—f) {J,EMY,(¢;a) — ], (&)Y, (§;r)}dr is the Finite Hankel transform of @(r,z,s). In

addition, the quantities &; are generated as the positive roots of the following eigenvalue problem in accordance with
Cinelli [26]:

Jo (i)Y, (§:b) — Y, (§ia)]5($:b) = 0O (15)
Upon noting the relationships J;,(&;x) = —J;(&;x) and Y, (¢;x) = —Y; (&;x), Equation 15 is transformed to:

Jo(&a)Y1(§:b) — Y, (§;a)]1 (D) =0 (16)

In Equations 14 to 16, J,(ur) and J, (ur) are the Bessel functions of the first kind, of the orders zero and one,
respectively. In the same vein, Y, (ur) and Y; (ur) are the Bessel functions of the second kind, of orders zero and one,
respectively.

For further developments, the following notations are introduced:
p? = Ci; and a? = s + C,.&7 a7
v

By substituting appropriately from Equation 17 into Equation 14, with some re-arrangements, it yields:

9’ _ o 2= _ _ BQ

az2 ‘8 a - s (18)
Upon solving Equation 18, superimposing the complementary and particular solutions to obtain the general solution,

we arrive at:

il = A,coshlaBz] + A,sinh[afz] + - (19)

aZs

where A; and A, are arbitrary constants to be determined. By a straightforward transformation of the boundary
conditions into the Finite Hankel domain, A; and A, can be determined as follows:

Qsinh[afz]

_° — hlapz]
A1 T azs and AZ - aZcosh|afz] (20)
In view of Equation 20, Equation 19 can be rewritten to read as follows
=~ _ Qsinh[aBH] sinh[aBz] _ Qcoshlafz] i
u= sa?cosh[afH] sa? + sa? (21)
which can be further simplified to read as follows:
ﬁ _ Q QcoshlaB(H-2)] (22)

sa? saZcosh[afH]

Equation 22 gives an explicit expression for the image of u(r; z; t) following the successive transformation of
Laplace and Finite Hankel. Thus, by carrying out inversions of the transformation to obtain u(r, z, t).
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Let us first carry out the inversion of the Laplace transforms on both sides of Equation 22 to obtain:

1 }_ QL—I cosh[ﬂ(H—z) 5+CT§L-2
S+Créf s(s+CT§i2)cosh[ﬂH s+CT§’l-Z]

where aZis replaced by s + C,.é? from Equation 17. Now, the first term on the right-hand side of Equation 23 equals
Qe~Créit, The second term is evaluated using the convolution theorem which states that:

(23)

i =QL‘1{

L7Yf(s)g(s)} = [ FDG(t — 7) dt (24)

In this case, g(s) = % while

B cosh[ﬁ(H—z) /S+C-,§’i2]
f(s) = (S+Crfi2)cosh<ﬁH /s+Crfi2) (25)

The Laplace inverses of f(s) and g(s) are given respectively, as follows [27]:

n (2n—1)4m4t
—_C,.&? 4o (1) o -y (2n-1)n(H-2)
F(t) =e Créit {1 + ;Zn=1 (Zn—l)e 4% ]COS T} and G(t) =1.0 (26)
Hence,
P T T o PRSPVl v IO LV L 0) O
g(S)} - fo € ‘ + n_Zn=1 (2n-1) € cos 2H T (27)

Thus, evaluating the integral on the right-hand side of Equation 27, followed by some simplifications, and
replacement of 52 by Ci we arrive at:

2.2
2n-1)“n“C
[_Crflz +(4-)7217 t

}sin(n—i)% (28)

—1)27r2
@n-Dfcez+En=) el

- 40¢ow {
u—n2n=1

By inverting the Finite Hankel transforms on both sides of Equation 28, following the procedure by Cinelli [26] to
yield:

E213(5:D) [, Uo(§0)Yo(§1)Jo (§:)Yo (§:0)}dpsin(n—3 ) y

u(r,z,t) = 2nQ Yp X,

(2n-1){J2 (Eia)—]%(fib)}{CrfizﬂL%} (29)
_ 12,2
x {1 - exp — [,67 + =20 e} o (6o (§10) — Jo(§)Yo (€7}

Evaluating the integral on the right-hand side of Equation 29 yields:

f: oo (i)Yo (§ia) — Jo(§ia) Yo (§i)} == é{b[yo(fia)jl(fib) —Jo(Ga)Y1(§:b)] + ally(§;a)Y1 (§ia) — (30)
IAGTIIAGIIN,

By virtue of Equation 16, the quantities in the first square brackets on the right-hand side of Equation 30 vanish
leaving us with:

I} 0UsGu)¥o(6a) = Jo (G Yo(§9)} = £ Uo(Ga)a (§i@) = Yo (§ia)) (§i0)] (31)

Now, by substituting from Equation 31 into Equation 29 to arrive at Equation 32 which gives the final expression
for the space-time variation of the pore water pressure in the loading stage of the consolidation process, that is, for the
time interval, 0 < t < t,,.

74

E2 o)V (i) ~Yo (5@ 1 (i) ]sin(n—3 )77

(n-D3 -T2 Em) orer +ETCe)

x {1 = exp = [C,87 + ED (L), (6o (61) — oGV (Eir))

4H?

u(r,z,t) = 2maQ ¥5_, X, (32)

3.2. Post-Loading Phase Problem

This is the phase in which the load has reached the ultimate value with no further changes in the load, and the phase
commences from time t = t,. Consequently, for this phase, the governing differential Equation 6 reduces to the
following:
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%u  10u %u  ou
G (Gatio) G5 =0 (33)
In Equation 33, t, < t < co. In addition, the boundary conditions given by Equations 9 to 11 still hold for this phase.
However, the initial condition for this phase can be obtained from the value of the pore pressure at t = ¢t,, as obtained
from Equation 32. It follows then that the initial pressure for this phase is:

uz4

2 (ED) o (Ei)Y1 (1)~ Yo (§10) /1 (§i@)]sin(n—3 ) 7 o

—1)272
@n-D G- Ep)fcret+ Bl

M} to} JoEin)Yo(§ia) — Jo (&)Y (€im)}

4H?2

ut’o = u(T, Z, to) = ZnaQ Z;’f:l 22
(34)

x {1 —exp — [Crfiz +

In order to solve Equation 33, it proves useful to transform time from the absolute scale into relative time variable
defined as follows:

t'=t—t, (35)
Therefore, Equation 33 transforms into the following:

2 2
¢ (+i2)+ 05 -55=0 (36)

arz | ror Vozz ot

Application of the Laplace transformation on Equation 36 yields the following equation.

9%u 9%u 10du
c, C. (

ﬁ m + ;5) = Ssu-— u(to) (37)
where u(r, z, s) is the Laplace image of u(r, z,t"), and the quantity U, is the value of u(r, z,t") at t" = 0. It should be
noted that u,, can be obtained from either Equation 29 or 32 by setting t = t,. Upon application of the Finite Hankel
transformation to both sides of Equation 37, the following equation ensues:
C, LT _ .60 = si— at 38
vz — CrEPi = sl — i(to) (38)
In Equation 38, i(§;, z, s) is the finite Hankel transform of u(r, z, s). By a straightforward reversal of the process
that transformed Equation 27 to Equation 29, it is easily deduced that:

2, (2n-1 2n2¢
[: fi ( ) v
1-e

to| . (2n-1mz
SIn5h

“D2n2C
@n-fc g2 +E0 )

(39)

~ 4Q
U(to) = u(r' Z, tO) = ?Z:ﬁ:l

Now, to re-write Equation 38 in terms of the notations introduced earlier in Equation 17 with some re-arrangements
to read as follows:

d*a B2a’f = —B?a(t,) (40)

dz?
The second order ordinary differential Equation 40 admits general solution in the form,
u(r, z,s) = Bycosh faz + B,sinh faz + B; (41)

where B; and B, are arbitrary constants of integration from the complementary solution, and B is the particular
integral, given by:

—1)\272
_[CT§%+(2n 1) 271 Cy
1-e 4H
2H

to 2n—-1)nz
}Sing

B; = 4_6200—1 272 ) (42)
oz &mn= (2n—1){@53+%}{(5+G53)+%}
Imposing the transformed boundary conditions:
(g, 0,5) = &) = (43)

0z

leads to B; = B, = 0. It therefore follows that
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[C g2+ (2n— 1)2 2Cy
{1 . T

to| . (2n-1)mz
S

3 49 voo (44)
u(é;,z,s) =—) =
(i ) 7 Ln=1 (Zn_1){CT§L‘2+(2n—:[)-122n2Cu}{(s+c_r§i2)+(2n—:l){22n2Cv}
Inversion of the Laplace transforms on both sides of Equation 44, first, yields:
Laen-n?nic (2n-1)?m?c
e_[crfz 2n ;H v 1_9—[Cr$f+ 2n ;Hzrr Ylto Sin(an_;)nz
(45)

~ 4Q~ [ee)
u(é—ii Z, t,) Zn:l 22
(2n-1)“m4C
T @2n- 1){6 &+ 0 "}

Reverting to the absolute time domain by putting t — ¢, in place of t' in Equation 45 and simplifying the ensuing
expression, we obtain:

2,(2n-1) nzc,, 2 (2n-1)2 2cy
e [C S ]t{ [C AT o 1}sin—(2nz_1_11)nZ

. 40 v (46)
u(é;, z,t) =—) -

(fl ) = Zn 1 (2n—1){Crfi2+(2n_i,),22nzcv}

Finally, by carrying out inversion of the Finite Hankel Transformation on Equation 46 to obtain:

o - 2n—1)2 ZC,, -1
u(rz,0) = 2maQ i, 37 [2n - D {687 + Z0T0 G2(51a) - 260
2n-1)272C, 2n-1)*r%c,

X E2J2(Eb) x exp — {C,&7 + ZCY ¢ [exp (87 + 0 ) 1] x “n

(2n 1)1rz

X f P‘Uo (SILP)YO (fla) ]0 ('Sla)YO (flp)}dp X [{]O(flr)YO (fla) IO(Ela)YO (Elr)}]SIr1

Evaluating the definite integral on the right-hand side of Equation 47 followed by some simplifications, in line with
the procedure that led to Equation 31, yields

(2n-1)%n?c,

u(rz,t) = 2naQ 35, 35 [@n - {667 + CET) 2oy — pegp))] x
§2(6b) x exp — {C,82 + P b x [exp {67 + 2 1 — 1] )

Uo(§i)Y: (£1) — Yo(&:a))s (§:)] X [Uo(§r)Yo (&) — Jo(§i) Yo (i)} lsin E222

Equation 48 gives the space-time variation of the pore pressure for the post-loading phase of the consolidation
process. In the alternative, putting N = (2n — 1) Equation 48 takes the foIIowing form:

NnCv

u(r,zt) = 2ma® 55,5 5% V{682 + 0 Graa) ~ rEn)]|
x &J2(&;b) X exp — {Crfl-z N C"} t X [exp{ C.éF + Nim C"} to — 1] X (49)
X [Jo(§a)Y1(§ia) — Yo(fia)h(fia)] o (i)Yo (§ia) _]o(fia)yo(fir)}]Sin%

4. Average Degree of Consolidation under Time- Dependent Surcharge
Defining the overall average excess pressure, in the whole of the undisturbed soil mass, as follows:

2

1 rH
Ugpe = Efo {n(bz az)f 2mru(r, z, t)dt} dz = mf f ru(r, z, t)drdz (50)

Then, the following defines the overall average degree of consolidation, for the single ramp loading surcharge [13,
16].

Ut = {"q(;) — 1, (O}, 0t <ty fore < tyu(t) =1 —%for t>t, (51)

where u, is the ultimate pore pressure, which in this case equals g,. In view of Equations 6 and 50, Equation 51 is
rewritten as follows:

t___ 2
to H2(b2—a2)

2
TG az)f [7 rur,z,t)drdz t > t,

f f ru(r,z,t)drdz, 0 <t < t,

Ut) = (52)

By substituting for u(r, z, t) from Equations 32 and 48 into the first and second of Equations 52, respectively to
obtain:
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T riJF KD Uo1)Ya () —J1 (Yo ()} (1—e~%inT)
— <T<
U =4" ‘”"("2 a2t @n-120u 73 ()~ 2 KR ==l (53)
_ & yw oy #E KD U0V () =1 (Yo (Y (1=eTSinT) oy e
T at, (K2 1) &n=1 &g (2n-1)2Q,{JE (u)-J3 (K} =0
The new symbols appearing in Equations 53, are defined as follows:
b 4C-H?
T = 4H2C t;Ty = 4H2 L, wtor i =&t K ==; Qup = nzg = Ut + (2n—1)>2 (54)
In the alternative, Equations 53 can be expressed as follows:
T 8 w riJE K Uo ) Ya (1) —J1 (Yo (u)? (1—e~FinT)
T_ : _ L0<T<T,
ury=1{" AT V=135, Lk N2Qin{J§ () ~JF (K} 0 (55)
8 yw 5 HiJE KD UoWYs (1) =11 (W)Yo Y (1=e~HinT) o o,
aTo(k2-1) ZN=13,5. & N2Qin{J8 ()~ 5 (K} =0

Now, for a numerical illustration of the solution, especially Equations 53, let us consider the case in which, H =
5.0m;a = 0.15m; C, = 1.125 m?/ year C, = 2.5 m?/ year; t, = 1 year. Hence T = 0.111¢t, and T, = 0.111, where
tisinyears, and T is the dimensionless time factor. We shall examine three scenarios corresponding to K € {10,15,20}.
We note here that the eigenvalue Equation 16 transforms to the following, in terms of y;, as defined in Equation 54:

Jo(u)Yi(Kpi) — Yo(u)J1(Kp) = 0 (56)
The eigenvalues of Equation 56, corresponding to the different values of K, are shown in Table 1 below.

Table 1. The eigenvalues of Equation 56 with corresponding values of K

K pl p2 u3 n4 us né n7

10 0.11027 0.49788 0.85543 1.20868 1.56029 1.91107 2.26138

15 0.06612 0.31680 0.54712 0.77457 1.00090 1.22663 1.45202

20 0.04651 0.23175 0.40160 0.56934 0.73622 0.90266 1.06883

In Figure 4, the values of U(T) are plotted of as a function of the time factor T, for different values of K, the aspect
ratio.

u(

—oe— K=10
s = K=15
= o= =K=20

O 1 1 1 1 1 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

T

Figure 4. Average Degree of Consolidation vs. Time Factor

5. Validation Check for the Solution Procedure
5.1. Case 1: Vertical and Radial Drainage under Instantaneous Loading (t, — 0)

Firstly, the validation check for the solution procedure is approached by examining Equation 49 in the context of the
limiting case of t, — 0. This scenario coincides with the case whereby the ultimate loading, q,, is instantaneously
applied at the commencement of the consolidation process, without any time variation thereafter.
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Clearly, Equation 49 in explicit term of t, takes the form:

_ g(to)
u(r,z,t, ty) = i o (57)
where;
2.2 -1
g(to) = 2maqo Xizy 3¢, [@n - D62 + F2LM GRG0 - 2G| x
X EJ7(E:b) x exp — {87 + T Cky x [exp {87 + E 0 1] x (58)
x [Jo(&:@)Y1(£:) — Yo(ia)]1 (§:)] X [Uo(Eir)Yo(&:a) — Jo(§:a)Yo (&) ]sin &2
and,
h(ty) =ty (59)

Direct evaluation of the lim, _,u(r, z,t, t,) using Equation 57 leads to the special case of % thereby yielding no

useful information. Therefore, we apply the I'Hopital rule which gives the limiting value of u(r, z, t, to) given by Equation
57 through the following expression

_ g’ (to)
tl;gn u(r,z,t,ty) = 11_)0 (o (60)

where primes indicate differentiation with respect to t,. Thus,

(Zn—l)znzcy}

lim (2, t,t0) = 2nago Ty BF, [(2n = DUF @) — ZEBN X §2(6ib) x exp — {Cy82 + LG ¢

n-1)nz (61)
x o (&)Y (&1@) — Yo(§i@)1 (E:@)] X [Uo(Er)Yo(§ia) — Jo (&) Yo (§ir)Y]sin &2
Again, going further to define N = 2n — 1, we can express Equation 61 in the following alternative form:
lim u(r, 2,t, t) = 2maqo Xii-1as,. T INUG(E@) = RGO X EJ2(60b) x exp— {62 + 0}
(Vg (62)

X o (&)Y () = Yo(Ea) s (E:)] X [Uo(Er)Yo(:) — Jo (€10 Yo (&)} Isin T

Equation 61 or its alternative form 62 is indeed the solution of the consolidation problem due to step (instantaneous)
loading.

5.2. Case 2: Vertical Consolidation for Instantaneous Loading Only

Secondly, we shall examine the procedure in the context of vertical consolidation only for instantaneous loading. In
other words, the case where radial consolidation is negligible. To do this we shall go back to Equation 45 and set C, =
0,t, — 0, and hence t’' = t. In this case, the finite Hankel transform does not apply. Thus, from 45 we generate the
following:

[C g2y Len-nricy 1) ' cv t’{ “c £+ (2n-1)2n2cy 1)2 2¢y),
e 1-e

ol . (2n-1)nz
lsmT

u(z,t) = i 240 g (63)
t0—>0 C,-—O mtg <M= 1 (2n—1){Crfi2 %}
Again, upon application of the I'Hopital rule to Equation 63 one obtains the following:
_ (zn—1)22n2cv]t : )
_ 40w € 4H sin% (64)
u(Z' t) T r Zn:l (2n-1)
In the alternative form, Equation 64 can be expressed as:
_[Nznzzcy]t N
Moge oL Ll (65)
u(zt) = TOZN=1,3,5... fw

Equation 65 expresses the pore pressure variation with respect to space and time for a 1-dimensional consolidation
process (under instantaneous loading) as earlier developed by Terzaghi, et al. [28].

5.3. Case 3: Average Degree of Consolidation by Radial Drainage Only

Thirdly, we shall examine a humerical example earlier considered by Leo [16] for the case of average degree of
consolidation by radial drainage only, associated with instantaneous loading using the following input data:

2
C, =" —0m,a=02m, b=18m.
year, H
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It follows then that K = 9. Besides, we shall take the radial consolidation time factor T, to be equal to % (in line
with Leo [16].

By this development, the excess pore pressure u is given by;

§EEb) o)1 (§ia)~Yo (§i@) )1 (i)} —C &
u(r, ) = 272 5, UHEDUERAREEREDAED) o) (Eia) — JoGa) Yo Er))e i (66)

The average degree of radial consolidation is then given by;

U(T,) =1- 2[p urtydr _ Zoo B EbIUo ¥ (§i0) Yo (E1a) )1 (§ia))e 71t
rar (b2-a?)qq (bZ—aZ) J§Gi@)—J3 (€ib) (67)
- y B0~ Yol (e T HE
KZ 1) J§ (=13 (Kup)

The results obtained from the present theory and those of Leo [16] are depicted in the graph in Figure 5, which shows
a good agreement between the two. In fact, whatever minor deviations there are between the two results, especially for
low-time factors, can be attributed to the well resistance and smear effects considered by Leo [16] but ignored in this
presentation. Since Leo [16] demonstrated the agreement between his results and those of Barron & Hansbo [5, 29], by
implication the results of this presentation also agree with Barron & Hansbo [5, 29].

09

08

07

05

u(z, t)

04

03
02 —e— Leo [16]

01 H — - — - Sadiku (Eq. 65)

O 1 1 1 1 1 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

T

Figure 5. Comparison of Degree of Radial Consolidation

These three scenarios provide some form of verification for the validity of the theory being enunciated in this
presentation. Moreover, numerical applications of this presentation prove to be straightforward and pose no significant
difficulties.

6. Conclusion

A rigorous analysis of the problem of combined vertical and radial consolidation of soils under the action of a
time-dependent surcharge has been presented. The theory advanced herein treats the radial and vertical flows as a
single coupled process, driven by one pore water pressure. The concept of handling the bipartite flow without
introducing any form of decoupling confers distinctiveness on this presentation. The solution methodology
fundamentally rests upon successive application of the Laplace and finite Hankel transformations, leading to an
explicit expression for the image of the pore water pressure as a function of the integral transforms’ parameters. By
subsequently inverting the integral transforms a closed-form solution in the sense of a generalized Fourier series is
obtained for the pore water pressure. The ensuing solution offers a convenient route for obtaining the average degree
of consolidation. Despite basing the analysis on the single ramp time-dependent surcharge, the method is applicable
to any other type of time-dependent surcharge. The validity of the solution obtained has been established through
logical checks and comparison with the results of previously reported research. In addition, a numerical illustration
of the development has been made through the use of specific values of the associated parameters. In particular, the
average degree of radial consolidation obtained from the present theory has been tested with Leo (2004) development,
and the two results show very good agreement.
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7. Notations
a,b Inner and outer radii of a typical unit drainage cell k. ks, Permeability coefficients in the radial and vertical directions
C,,C, Consolidation coefficients in the radial and vertical directions Tz Spatial coordinates
t Temporal coordinate to Pre-loading duration
T Dimensionless time factor corresponding to ¢ T, Dimensionless time factor corresponding to t,
my Compressibility coefficient q(t),q, Rate of loading; value of g, at t,
Y Unit weight of water u Pore water pressure
u, i Laplace and finite Hankel images of u s Laplace transform parameter
Jo Yy Bessel functions of order v, and of the First and Second Kind Jo Yy Derivatives of Bessel functions of the First and Second Kind
& Roots of the finite Hankel eigenvalue equation Ui Factored ¢;
a, Factored C, and C, K Aspect ratio, that isg
Depth of the consolidating soil L L1 Laplace transform and inverse Laplace transform
Z—;’ Q Factored g—:
€ Strain N 2n—1
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