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Abstract 

This manuscript studies the influence of spatial heterogeneity in soil effective cohesion c' on the displacement of an axially 

loaded pile under static compression. The Monte Carlo method was used to perform statistical evaluation, while the K-

Means clustering technique was employed to reduce the necessary number of simulations without compromising the 

accuracy and reliability of the analysis results. In this study, a two-dimensional correlated random field of c' was generated 

using the spectral method, assuming a Gaussian distribution with a coefficient of variation of 10%. The spatial correlation 

lengths of the scaled model were set to 80 mm and 19.4 mm in the horizontal and vertical directions, respectively. The 

static pile loading process was simulated using the finite element method implemented in the commercial software 

PLAXIS, with six loading stages ranging from 20 N to 120 N. The influence of soil effective cohesion randomness on pile 

displacements was evaluated based on statistical data obtained from the numerical simulation of 1000 realizations of 

random fields. The generated correlated random fields were verified to follow a normal distribution. Meanwhile, the pile 

displacements at different loading levels tend to follow normal distribution as well, except at the 40 N loading stage, where 

a deviation from normality was observed. Compared with the homogeneous soil model with a mean value of c', up to 63% 

of the simulation cases exhibit pile displacement exceeding the allowable limit. Moreover, the effectiveness of the K-

means clustering technique in reducing the number of required realizations, and thus the computational workload, was 

evaluated. The pile displacement results show that when the number of representative clusters reaches 100 or more, the 

subset data cover more than 98.2% of the full data set, i.e., data from 1000 realizations. 
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1. Introduction 

In the analysis of geotechnical problems, assuming a constant value of soil properties, usually the statistical mean 

for an entire soil layer, is often inadequate, as material properties typically exhibit spatial variability. Therefore, 

simulating the spatial variation of soil properties plays a crucial role in predicting and evaluating the reliability of 

geotechnical structures. One effective approach for considering this variability is the construction of random fields 

combined with statistical techniques, which have been demonstrated to be suitable in numerous practical studies. This 

method has been successfully applied in the previous works, such as the study by Tang et al. on the slope stability under 

spatially variable soil conditions [1], the investigation by Chen et al. on the tunnel face stability and soil arching 

considering spatial variation of sandy soil [2], and the work by Mert et al. to evaluate the hazard curves of strip 

foundations resting on sandy soil with spatial randomness of elastic modulus and internal friction angle [3]. 
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The spectral representation method is one of the most effective methods for generating correlated random fields. One 

noticeable advantage of this method lies in its ability to tightly control the spectral characteristics of the field, allowing 

accurate simulation and flexibility in adjusting the statistical parameters of the random field, while reducing 

computational cost by Fourier transforms [4]. This method was first applied in the generation of one-dimensional (1D) 

random fields, where the field’s spectrum is directly controlled through statistical parameters such as the power spectral 

density function. Mejía and Iturbe used the spectral method to simulate hydrological processes with spatial variability 

[5], while Shinozuka [6] applied this method to simulate multivariate random processes, enhancing the capability to 

model complex random fields. The later studies by Shinozuka et al. [7, 8] further extended this method, providing a 

powerful tool for simulating random processes in various engineering fields. 

The extension of the spectral method from 1D to two-dimensional (2D) configuration is an important step in the 

simulation of random fields with spatial correlation. Gutjahr et al. introduced a joint conditional simulation method 

combined with Fast Fourier Transform (FFT), which improves the efficiency of 2D random field simulation [9]. Ruan 

and McLaughlin also used FFT to generate multivariate random fields, optimizing the simulation process for 2D 

problems [10]. In addition, studies on random fields in geology and seismology, such as the work by Mai and Beroza, 

have applied spatial random field models to describe the complexity of earthquake slip distributions [11]. In terms of 

engineering applications, Jin et al. [12] made significant contributions to the simulation of multidimensional random 

fields, including 2D configurations. Later, Luo and Luo applied 2D rotated anisotropic random fields in the reliability 

analysis of strip footings, providing an important reference for problems related to structural strength [13]. 

In the scenarios where three-dimensional (3D) simulation of spatial random fields is required, the spectral method 

continues to demonstrate its effectiveness. For example, Räss et al. [14] developed an efficient method using parallel 

computing to generate 3D random fields for large-scale geophysical problems, which helps to reduce computational time 

and enhance simulation efficiency. The 3D direct Fourier transform was also used in the work by Robin et al. to simulate 

crossed-correlated random fields for water resources problems [15]. 

After the generation of a random field, the Monte Carlo simulation method is implemented to carry out a series of 

computational scenarios corresponding to different random field realizations. Through this process, the output results 

are statistically summarized and analyzed to clarify the probability distribution and variation trends caused by the 

heterogeneity of the soil, thereby assessing the influence of soil properties on the structural behavior. 

In uncertainty analysis problems using the Monte Carlo method, a large number of simulations are required to ensure 

the reliability of the results. However, this leads to high computational costs and prolonged processing time. To overcome 

this limitation, several studies have proposed data clustering techniques to reduce the number of required simulations. 

According to Jain, K-means technique has been one of the most widely used and influential clustering algorithms in the 

field of data mining for over 50 years due to its simplicity and efficient handling of large datasets [16]. For example, 

Xiao et al. [17] combined clustering with surrogate modeling to enhance the efficiency of uncertainty quantification in 

geotechnical problems. The study shows that the application of K-means not only significantly reduces the number of 

simulations but also offers a more efficient approach to risk and reliability assessment of complex engineering systems. 

It is noted that clustering and selecting representative samples for each cluster in K-means approach may result in the 

loss of some outlier values, particularly in the circumstances of high variability. Given the low probability of 

encountering such highly distinct values, their omission results in a negligible effect on the calculated reliability 

probability. 

Many studies have applied random fields to assess the reliability of pile foundations in spatially variable soil 

environments. For instance, Khorramian et al. [18] employed the stochastic finite element method to analyze pile groups 

in loose sand with random fields simulating soil friction angle and stiffness. However, this study was limited to 

evaluating the serviceability limit state and did not consider pile head deformation or single pile models. Similarly, the 

study by Liu et al. [19] developed a non-stationary random field model to simulate the variation of undrained shear 

strength Su in embankment foundation soils. However, this model was limited to 1D space and did not fully capture 

correlated randomness in 2D space when modeling single piles. Other studies, such as those by Xiao-ling et al. [20] and 

Christodoulou et al. [21] have focused on lateral loading or reliability assessment under field investigation effects, though 

a 2D correlated random field of effective cohesion of soft soil was not considered. Tan et al. [22] simulated random 

fields of end bearing resistance and shaft friction to evaluate the reliability of the bearing capacity of single piles. They 

applied the variance reduction method to reduce the number of computations, while demonstrating the effectiveness of 

this approach. Gan et al. [23] further extended their study by analyzing the lateral deflection of a single pile under 

horizontal loading while incorporating the spatial variability of soil stiffness, with the objective of evaluating the 

probability of exceeding a prescribed deflection limit. Meanwhile, Duan et al. [24] investigated the effect of cone tip 

resistance random field on the failure probability of the vertically loaded piles. The conditional randomness of soil 

parameters was also investigated by Xu et al. [25] to evaluate the probabilistic ultimate bearing capacity of vertical piles, 

considering the deterministic soil properties at observation points. 
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The spatial variability of undrained shear strength (c') and its effect on single pile deformation and bearing capacity 

have received limited attention in prior work. This study introduces three primary novelties: (i) an in-depth numerical 

investigation of this problem using the PLAXIS software, (ii) the automation of these PLAXIS computations, and (iii) 

the application of the K-means clustering algorithm to efficiently reduce the computational burden. 

Finite element method (FEM) was used to investigate the influence of spatial randomness in effective cohesion c’ on 

pile head displacement in soft clay. Initially, the numerical FEM model with constant shear strength parameters was 

validated with a 1:100 scaled physical model [26]. Subsequently, the FEM model was analyzed with randomly 

distributed values of c’, generated using the spectral method with a coefficient of variation of 10% [27], correlation 

length of 80 mm and 19.4 mm in the horizontal and vertical directions, respectively. These are typical values for random 

field of c’ which have been used widely in geotechnical problems [28]. Monte Carlo analysis was performed with 1000 

realizations to obtain the probability distribution of pile head displacement. The K-means algorithm was then applied to 

reduce the number of representative cases, ensuring computational efficiency while preserving the statistical 

characteristics of the original random field. 

The remainder of the paper is organized as follows: section 2 presents the methodology, including the procedure for 

generating correlated random fields, the experimental model, and the numerical simulation, as well as the automation 

procedure for analyses in PLAXIS. Meanwhile, section 3 presents the analysis results and discussion. Conclusions are 

provided in section 4. 

2. Research Methodology 

2.1. Theoretical Background 

Gaussian random fields, also known as normally distributed random fields, are widely-used models in scientific and 

engineering problems, especially in simulating natural phenomena exhibiting randomness, such as spatial variability in 

soil, materials, climate processes, and so on. Simulating 2D Gaussian random fields with specified spatial correlation 

structures serves as a crucial tool in numerical modeling and geotechnical engineering. The discrete Fourier transform 

was used in this study to generate 2D Gaussian random fields with spatially correlated structures [9-15]. This study 

presents the theoretical basis for generating a 2D discrete random field with a Gaussian distribution, characterized by a 

mean 𝜇 = 0 , a standard deviation 𝜎 = 1 , and a Gaussian correlation function. For the sake of completeness, the 

procedure is briefly described here. 

Let’s consider a 2D discrete grid of size N×M, where N is the number of rows and M is the number of columns. The 

random field 𝑍(𝑥, 𝑦) is generated in the frequency domain, with each grid value being represented by a complex number: 

𝑍(𝑘, 𝑙) = 𝑎(𝑘, 𝑙) + 𝑖𝑏(𝑘, 𝑙) (1) 

where, k and l are the frequency indices corresponding to the horizontal x and vertical y directions, with k = 0, 1, 2, …, 

N-1 and l = 0, 1, 2, …, M-1. The real and imaginary parts of the Fourier spectrum are 𝑎(𝑘, 𝑙) and 𝑏(𝑘, 𝑙), respectively. 

Meanwhile, i is the imaginary unit.  

Using Euler's formula, 𝑍(𝑘, 𝑙) can be expressed as: 

𝑍(𝑘, 𝑙) = 𝑅(𝑘, 𝑙)𝑒𝑖𝜃(𝑘,𝑙)  (2) 

where, 𝑅(𝑘, 𝑙) is the amplitude of the spectrum, representing the contribution of the wave at frequency (𝑘, 𝑙) to the 

random field, and 𝜃(𝑘, 𝑙) is the phase angle, representing the phase shift of the wave. The amplitude and phase angle are 

calculated as: 

𝑅(𝑘, 𝑙) = √(𝑎(𝑘, 𝑙))
2

+ (𝑏(𝑘, 𝑙))
2
   (3) 

𝜃(𝑘, 𝑙) = 𝑎𝑟𝑐𝑡𝑎𝑛 (
𝑏(𝑘,𝑙)

𝑎(𝑘,𝑙)
)   (4) 

When the random field 𝑍(𝑥, 𝑦) in the spatial domain follows a Gaussian distribution with mean 𝜇 = 0 and standard 

deviation 𝜎 = 1, the Fourier spectrum 𝑍(𝑘, 𝑙) in the frequency domain is a complex random field. The real 𝑎(𝑘, 𝑙) and 

imaginary 𝑏(𝑘, 𝑙) components at each frequency (except for the case 𝑘 = 0, 𝑙 = 0) are independent Gaussian random 

variables with zero mean and unit variance. Consequently, the ratio 𝑏(𝑘, 𝑙)/a(𝑘, 𝑙) follows a Cauchy distribution, leading 

to the uniform distribution of phase angle 𝜃(𝑘, 𝑙) over the interval [0, 2π), as presented in [29]. 

According to the Wiener-Khinchin theorem, the power spectral density PSD of the random field is obtained by the 

Fourier transform of the autocorrelation function 𝐶(𝑥, 𝑦)  in the spatial domain [30-32]. The Gaussian correlation 

function of a Gaussian random field is expressed as: 
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𝐶(𝑥, 𝑦) = 𝑒
− 

(𝑥.∆𝑥)2

𝜃𝑥
2  − 

(𝑦.∆𝑦)2

𝜃𝑦
2

 
(5) 

where, x = 0, 1, 2, …, N-1 and y = 0, 1, 2, …, M-1, x and y are the correlation lengths along the x and y directions. 

Meanwhile, Δx and Δy are the grid spacings along the x and y directions, respectively. The PSD is calculated as: 

𝑃𝑆𝐷(𝑘, 𝑙) = ∑ ∑ 𝐶(𝑥, 𝑦)𝑒−𝑖2𝜋(
𝑘
𝑁

𝑥+
𝑙

𝑀
𝑦) 

𝑀−1

𝑦=0

𝑁−1

𝑥=0

 (6) 

According to the periodogram estimation, the spectral amplitude can be calculated from the power spectrum using 

the following formula [29, 30]: 

𝑅(𝑘, 𝑙) = √𝑃𝑆𝐷(𝑘, 𝑙) (7) 

Subsequently, the random field in frequency domain is obtained as: 

𝑍(𝑘, 𝑙) = 𝑅(𝑘, 𝑙)𝑒𝑖2𝜋(
𝑘
𝑁

+
𝑙

𝑀
)
 (8) 

Finally, the random field 𝑍(𝑥, 𝑦) is obtained from the complex spectrum by the inverse Fourier transform: 

𝑍(𝑥, 𝑦) =
1

𝑁𝑀
∑ ∑ √𝑃𝑆𝐷(𝑘, 𝑙)𝑒𝑖𝜃

𝑀−1

𝑙=0

𝑁−1

𝑘=0

 (9) 

To ensure the randomness of the field, the phase angle θ is randomly sampled from a uniform distribution over the 

interval [0, 2π). This phase angle only affects the phase of the frequency components in the complex spectrum 𝑍(𝑘, 𝑙), 

without altering the PSD. Consequently, the correlation structure of the random field, determined by PSD through the 

Wiener-Khinchin theorem, remains unaffected by the specific values of the phase angle and thus is fully preserved. 

2.2. Experimental and Computational Model 

According to the study by Bach et al. [26], a scaled physical model with a ratio of 1:100 of a single pile was 

established in the laboratory. The pile was made of aluminum, having a circular cross-section with a diameter of 16 mm, 

and a depth of 480 mm. The container had dimensions of 700 × 700 × 800 mm (length-width-height), filled with soft 

clay to simulate the natural ground conditions. The clay was prepared using the standard Proctor compaction method 

with a natural moisture content ranging from 49% to 52% and unit weight ranging from 15.6 to 16.1 kN/m³. A static pile 

loading test was conducted to evaluate the displacement responses of the single pile under six levels of axial compressive 

loads: 20 N, 40 N, 60 N, 80 N, 100 N and 120 N. 

To simulate the single pile, an axisymmetric model was employed in PLAXIS 2D, as shown in Figure 1(a). This is 

one of the features supported by the software to model problems with circular symmetry about the vertical axis, such as 

single piles, caissons, and circular foundations. In the model, the computational domain was discretized using 15-node 

triangular elements, as shown in Figure 1(b). The soil behaviors were governed by Hardening Soil model, with the 

properties presented in Table 1. Meanwhile, the pile material was assumed to be linear elastic with properties shown in 

Table 2. The static loading process was simulated using six different loading increments. As shown in Figure 1(c), the 

simulated pile head displacements exhibited a trend consistent with the observational measurements, thereby confirming 

the reliability and suitability of the numerical model. 

 

 

 
(a) (b) (c) 

Figure 1. (a) Axisymmetric model of a single pile in PLAXIS 2D, (b) 15-node triangular finite element, (c) pile head displacement 
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Table 1. Hardening Soil model parameters of the soil 

Input parameters Physical meaning Unit Values 

γsat Saturated unit weight kN/m3 15.9 

γunsat Unsaturated unit weight kN/m3 16.8 

einit Initial void ratio - 2.149 

c'ref Effective reference cohesion kPa 8.5 

φ' Effective friction angle degree 19.3 

Cc Compression index - 0.674 

Cs Swelling index - 0.253 

υur Unloading Poisson’s ratio - 0.15 

Rinter Interface reduction factor - 0.5 

OCR Over consolidation ratio - 1.5 

Table 2. Linear Elastic model parameters of the pile 

Input parameters Physical meaning Unit Values 

γ Unit weight kN/m3 19.54 

Eref Young’s modulus GPa 95 

υ Poisson’s ratio - 0.15 

To reduce the computational time while preserving the effect of spatial randomness, the random field was generated 

only within the soil region directly influenced by the pile. Outside this zone, the soil properties were assumed to be 

constant and equal to the mean value of the interested parameter. A preliminary investigation was initially conducted to 

determine the pile's influence zone based on soil displacement. The results indicate that the influence zone can be defined 

by a radius of 200 mm around the pile and a depth of 700 mm, as shown in Figure 2(a). Within the influence zone, the 

random field was generated by discretizing the soil domain into material clusters with a mesh size of 20 × 10 mm, where 

each element is assigned a distinct value of material property corresponding to random field, as shown in Figure 2(b). 

  
(a) (b) 

Figure 2. (a) Influence zone based on pile-induced displacement, (b) Discretization of the influence zone. 

Gitirana et al. [27] showed that the coefficient of variation COV of effective cohesion c’ ranges from 10% to 50%. 

Meanwhile, using the cone penetration test results, Akkaya et al. [28] reported horizontal correlation lengths ranging 

from 2.0 m to 14.0 m (average of 8.0 m), and vertical correlation lengths ranging from 0.26 m to 3.62 m (average of 
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1.94 m) for clay soils. Accordingly, in this study, the horizontal and vertical correlation lengths (θₓ and θy) were taken 

as 8.0 m and 1.94 m, respectively, while the COV of 10% was selected. With a scale of 1:100, the corresponding 

correlation lengths in the model are 80 mm and 19.4 mm. Based on the selected parameters, the random field of c’ was 

generated.  

To assess the distribution of the sample dataset, the study employs a two-step verification: first, constructing 

probability distribution plots to enable visual observation and identification of the data's distribution trends. 

Subsequently, for a more in-depth and quantitative evaluation, Q-Q plots are utilized to compare the experimental data 

points against the theoretical distribution, thereby determining the degree of conformity. Q-Q plot is a graphical tool 

used to compare the quantiles of experimental data with those of a theoretical distribution (e.g., the normal distribution). 

If the data conform to the theoretical distribution, the points on the plot will approximately lie along a straight line. 

Conversely, deviations from the straight line indicate that the data do not fully adhere to the assumed distribution, 

facilitating the quantification of the degree of discrepancy and the identification of features such as distributional tails 

or outliers. 

As shown in Figure 3, the statistics after the generation process confirm that the field values follow a normal 

distribution with R2 > 0.99, thereby illustrating the consistency and rationality of the simulation model. 

    
(a) (b) 

Figure 3. Two realizations of the random field and their corresponding probability distribution histograms 

To evaluate the impact of soil heterogeneity on the responses of pile, the Monte Carlo method was applied with 1000 

realizations to obtain statistically reliable data. 

2.3. An Automated Solution for the Computational Process 

In the Monte Carlo process with a large number of simulations, manually updating the values of random variables 

after each simulation would require an excessive amount of time and effort. Although PLAXIS is not an open-source 

software, it provides a Python-based interface through PLAXIS API for the users to programmatically interact with it. 

The use of PLAXIS API enables full automation of the entire process, from model generation to result extraction.  

As shown in Figure 4, the automation process consists of the following steps: 

(i) Launching PLAXIS Input and PLAXIS Output; 

(ii) Initializing Python environment and establishing a connection to PLAXIS Input and Output via PLAXIS API; 

(iii) Executing the calculations and extracting results using Python scripting 

(iii-a) Defining the computational model; 

(iii-b) Generating random field values and assigning them to the model; 

(iii-c) Executing the numerical simulation and exporting the corresponding pile head displacement results (Uy) 

for each realization into text files. 
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The process from step (iii-b) to (iii-c) is automatically repeated for the desired number of realizations. 

  
Figure 4. Flowchart of the computational process 

3. Results and Discussion 

3.1. Verification of the Distribution of Effective Cohesion 

The values of c’ at two elements in the mesh grid of Figure 2(b) were recorded for 1000 realizations. Figures 5 and 

6 indicate that the values of c’ follow a normal distribution. 

  

  
Figure 5. Probability distribution plot of c’ at two positions 

in the element mesh grid 

Figure 6. Q-Q plot of c’ at two positions in the element mesh 

grid 

3.2. Probability Distribution of Pile Displacement 

As shown in Figure 7, the displacement spectrum obtained from the random field realizations fully covers the range 

of variation compared with the deterministic model using the mean value of c', demonstrating that the random assignment 

effectively captures the inherent natural variability of the soil, as previously mentioned in the literature. Similar results 

were observed in the studies by Dong et al [33] and Wu et al [34]. The proportion of pile head displacement values that 

are smaller or larger than the displacement corresponding to the mean value of c' exhibits variation across different levels 

of applied compressive load. This observation indicates a load-dependent sensitivity in the pile-soil system's 

performance, even when the identical underlying soil random field is used, as shown in Figure 8. 
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Figure 7. Pile displacement spectrum Figure 8. Proportion of displacement greater and less than 

the displacement corresponding to average c' 

Based on the pile head displacement results obtained at compressive load levels of 20N, 40N, 60N, 80N, 100N, and 

120N from 1000 realizations, the distribution plots of the pile head displacement values at each compressive load level 

were constructed, as shown in Figure 9. Meanwhile, Figure 10 shows the corresponding Q-Q plots to evaluate whether 

these datasets conform to a normal distribution, and if so, the degree of conformity to the normal distribution.    

The displacements under different compression loading levels tend to follow a normal distribution with R2 > 0.9, as 

shown in Figures 9 and 10. However, at the 40 N loading level, the distribution exhibits a bimodal pattern. This is 

reasonable, as it marks the onset of the transition from elastic to plastic deformation in soil behavior. This transition is 

shown in the plot of pile head displacement versus static compression loading levels in Figure 1(c), where at a 

compression load of 40 N, the pile displacement begins to increase at a significantly faster rate than at previous loading 

levels. Thus, in some realizations the soil remains elastic, while in others it experiences plastic deformation, as shown 

in Figure 11. 
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Figure 9. Probability distribution of pile displacement 

  

  

  

Figure 10. Q-Q plots of pile displacement 
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The ultimate bearing capacity of the pile, defined at a displacement being equal to 10% of the pile diameter 

(equivalent to 1.6 mm), was determined by linear interpolation between the two compression loading levels of 60 N and 

80 N, yielding a value of 60.57 N. At this loading level, 63% of the random field realizations induces displacements 

greater than 1.6 mm, while 37% causes displacements less than 1.6 mm, as shown in Figure 12. The statistical results of 

pile head displacement at the loading level of 60.57 N indicate that this quantity tends to follow a normal distribution, 

as shown in Figure 13. This observation is further confirmed by the Q-Q plots in Figure 14, with a coefficient of 

determination R2=0.9862, reflecting a very high degree of agreement between the experimental data and the assumed 

normal distribution. 

  

Figure 11. Pile displacement spectrum at 20N and 40N Figure 12. Pile displacement at 60.57N (symbol: x) 

  

Figure 13. Probability distribution of pile displacement at 

compressive load level of 60.75 N 

Figure 14. Q-Q plots of pile displacement at compressive 

load level of 60.75 N 

The cumulative distribution function (CDF) for the pile head displacement derived from 1000 Monte Carlo 

simulation samples was compared against an assumed normal distribution with the mean value and the coefficient of 

variation being determined directly from the 1000 sample results. As shown in Figure 15, the two CDF curves exhibit a 

high degree of similarity, confirming that the normal distribution provides a robust and suitable model for characterizing 

the uncertainty in pile displacement. The observed discrepancy between the empirical CDF and the fitted normal CDF 

was restricted to a narrow range, specifically 0.95% to 5.68%, as detailed in Figure 15. In addition, the coefficient of 

variation COV of pile head displacement at different loading levels ranges from 1.39% to 7.41%, which is less than the 

COV of 10% of the input parameter c', as illustrated in Figure 16. 
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Figure 15. The observed CDF and the CDF of the normal 

distribution for pile head displacement 

Figure 16. COV of pile head displacement at various 

compressive load levels 

3.3. Reduction of Simulations Using the K-Means Clustering Method 

After generating 1000 realizations of the random field, this study applies the K-means clustering algorithm to group 
and select representative subsets at three scales: 50 samples, 100 samples, and 200 samples (corresponding to 5%, 10%, 
and 20% of the original dataset, respectively). The objective is to evaluate the representativeness of these clusters in 
terms of pile head displacement and to compare their responses with those obtained from the full set of 1000 realizations. 
To visualize the differences, plots are constructed to illustrate the pile head displacement points within each cluster at 

each loading level, while simultaneously comparing them with the displacement distribution obtained from the full set 
of realizations. Figures 17, 18, and 19 present the 50 samples cluster, 100 samples cluster, and 200 samples cluster, 
respectively. 

The analysis of pile displacement using representative realizations selected through the K-means clustering method 
demonstrates a high level of coverage compared with the full dataset. Specifically, with 50 representative samples, the 
displacement range covers from 94.9% to 98.9% of the full sample set, as shown in Figure 17. When the number of 
representative cases increases to 100, the coverage improves significantly, ranging between 98.2% and 99.6%, as shown 
in Figure 18. With 200 representative realizations as in Figure 19, the results nearly converge to the maximum possible 
coverage, ranging from 98.6% to 99.7% of the entire displacement dataset. It should be noticed that for the bimodal 
distribution in the 40 N loading case, there are two values of means  and COV corresponding to the elastic and plastic 
states of the soil displacement. 
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Figure 17. Displacement of pile heads of 50 samples (symbol: o) compared with total 1000 samples (symbol: +) 

  

  

  

Figure 18. Displacement of pile heads of 100 samples (symbol: o) compared with total 1000 samples (symbol: +) 
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Figure 19. Displacement of pile heads of 200 samples (symbol: o) compared with total 1000 samples (symbol: +) 

When computing the weighted mean and coefficient of variation COV for each selected sample group, the results 

indicate that as the number of representative realizations increases, both the mean and COV of the group approach the 

corresponding values of the full set of 1000 realizations. At the same time, the variability of these quantities becomes 

more stable across different loading levels, as shown in Figures 20 and 21. 

The relative deviation in the mean pile head displacement compared to a reference value, i.e., the mean of the 1000-

sample dataset, exhibits a clear inverse relationship with the sample size N of the K-means subset used for statistical 

estimation. As shown in Figure 20, for N = 50 samples, the relative deviation of the mean ranges significantly, from 

0.1% to 8.8%. When N = 100 samples, the deviation range narrows substantially, from 0.1% to 3.5%. When N = 200 

samples, the deviation is further reduced, falling within a tight range of 0.3% to 1.2%. Similar trend is observed for the 

case of COV, as shown in Figure 21, with the corresponding figures for 50, 100, and 200 samples being 5.6% to 233.5%, 

11.6% to 72.9%, and 1.2% to 35.6%, respectively. This consistent trend confirms the principle of statistical convergence, 

where increasing the sample size provides a more stable and accurate estimate of the true population mean and variance, 

leading to smaller estimation errors. This suggests that N = 200 samples provide a more reliable representation of the 

system's expected performance compared to smaller datasets. 
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Figure 20. Percentage change of group means relative to 

the 1000 samples mean 

Figure 21. Percentage change of group COV relative to the 

1000 samples COV 

4. Conclusions 

This study investigates the influence of 2D correlated random field of effective cohesion c’ on the displacement of 

an axially loaded pile, using FEM model combined with the Monte Carlo simulations. The spatial heterogeneity of the 

effective cohesion was initially generated by the spectral method, following a Gaussian distribution with a COV of 10% 

and Gaussian spatial correlation lengths of 80 mm and 19.4 mm in the horizontal and vertical directions. The values of 

c’ at each spatial point in 1000 realizations were verified to follow a normal distribution with high confidence, thereby 

confirming the reliability and appropriateness of the random field generation process. Subsequently, the random fields 

were mapped to the finite elements and the static pile loading process was numerically simulated with six loading stages 

ranging from 20 N to 120 N. The effect of soil spatial variability on the pile head displacement was analyzed, and the 

application of K-means approach to reduce the necessary number of realizations was also discussed. The following 

conclusions can be drawn:  

 The pile displacements under various loading levels generally show a tendency toward normal distribution with 

R2 > 0.95, except at the 40 N loading level, where a bimodal distribution is observed. 

 The loading level of 40 N reflects a clear transition from the elastic to the plastic state of the surrounding soil. 

However, the 40 N threshold considered as the boundary between these two behavior regimes is not applicable to 

all cases, as 23.7% of the realizations reach the plastic deformation stage prior to this loading level. This finding 

highlights the need to account for the inherent uncertainty and spatial heterogeneity of soil properties when 

defining the serviceability limit state of the ground. 

 The ultimate bearing capacity calculated using the mean value of c′ yielded a result of 60.57 N, calculated at the 

displacement of 1.6 mm. However, only 37% of the random realizations exhibit displacements smaller than the 

1.6 mm threshold, indicating a low safety probability when relying solely on the mean value. This highlights the 

limitation of deterministic approaches and underscores the necessity of incorporating probabilistic analyses for a 

more reliable assessment of foundation performance under spatially variable soils. 

 The application of the K-means method to select representative fields for the input parameter c′ yields highly 

encouraging results in terms of the corresponding pile-head displacement output. The findings indicate that 

representative fields of c′ also produce a similarly comprehensive distribution of output responses, despite the 

nonlinear and complex nature of the problem. Specifically, 50 representative fields are able to cover more than 

94% of the output domain. This demonstrates that the K-means method, when used to select representative input 

samples, also leads to highly representative output responses. 

The study's scope is limited to a single case concerning the correlation length and coefficient of variation, 

necessitating future research across multiple parameters to assess the consistency of output responses. Furthermore, the 

pile model simulation was conducted at a small physical scale of 1:100, thus, subsequent investigations on full-scale 

piles are essential. This helps to validate simulation outcomes against actual monitoring data, thereby enhancing the 

reliability and applicability of the developed method. Finally, the reliance on the K-means clustering method introduces 

a known vulnerability to outliers with large deviations, which suggests the need for developing superior K-means 

sampling strategies or integrating hybrid methodologies to achieve improved sample coverage. 
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